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Choice of unipotent subgroup U

Study different perturbative 
and non-perturbative effects

Difficult to compute!

[Green-Miller-Vanhove]
Maximal parabolic 

subgroups

๏ Decompactification limit 
Higher dimensional black holes | BPS states

Large radius for 
compactified circle

๏ String perturbation limit 
D-instantons | NS5-instantons

gs ! 0

๏ M-theory limit 
M2, M5-instantons

Large M-theory torus

Recent result in [Bossard-Pioline]
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Fourier expansion

Goal: find expressions for Fourier coefficients 
in terms of (known) Whittaker coefficients

Would allow us to compute non-perturbative effects that 
capture information about instantons and black holes
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Eisenstein series

Adelic Eisenstein series Adelic Fourier coefficient

Fourier coefficient

Compute

Lift Restrict

An efficient, but abstract, way to approach the subject of 
automorphic forms is by the introduction of adeles,  
rather ungainly objects that nevertheless, once familiar,  
spare much unnecessary thought and many useless calculations. 

— Robert P. Langlands*

*Representation theory - its rise and its role in number theory, Proceedings of the Gibbs symposium (1989)
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Automorphic representations

Automorphic representation an irreducible component of the 
above space under this action=⇡

* With some subtleties described in [FGKP15 §6]

Space of automorphic forms* G(A)

[Bump, Goldfeld-Hundley]

What is a small automorphic representation?
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O = {gXg�1 | g 2 G(C)} X 2 g nilpotent

[Mœglin–Waldspurger, Matumoto, Ginzburg-Rallis-Soudry, Ginzburg,  
Gomez-Gourevitch-Sahi, Jiang-Liu-Savin, Joseph, Miller-Sahi]

WF(⇡) =
[

i

Oi

So called admissible orbits

Closure with respect to 
partial ordering

Characters  Nilpotent elements in g(Q)

The wavefront set is described by nilpotent orbits
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Goal: find expressions for Fourier coefficients 
in terms of (known) Whittaker coefficients 
using vanishing properties of the given ⇡
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For                     , an automorphic form 
is completely determined by maximally degenerate 
Whittaker coefficients

' 2 ⇡min

WN with only one m↵ 6= 0

G = E6, E7

Theorem
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Other groups

[GKP14]

with                      depending onl 2 L(Q)  FU (�min, ; g) = WN (�min, 
0; lg)

A similar relations holds for all simple Lie groups

[Proof in progress with Gourevitch, Kleinschmidt, Persson, Sahi]

Conjecture

Would allow us to compute non-perturbative effects that 
capture information about instantons and black holes
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๏ Simplification of Fourier coefficients with           for 
dimensions lower than three. Kac-Moody groups  
 
How to define “small automorphic representations” for  
Kac-Moody groups? What is the mechanism behind the 
vanishing properties?

[Fleig-Kleinschmidt, Fleig-Kleinschmidt-Persson]

�min

E9, E10, E11

๏                requires extended notion of automorphic forms, 
the development of which will positively bring new exciting 
insights to both physics and mathematics.

E6D6R4

๏ Other compactifications leading to automorphic forms on 
other groups.    (more conjectural)



Thank you!

Henrik Gustafsson

!  hgustafsson.se


